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Abstract

Number Lab is a collection of virtual laboratories for experimenting with systems that model
numbers and arithmetic. The motivating idea behind Number Lab is to introduce elementary
school mathematics as a science, i.e. a theory developed to explain observable phenomena.
Thus the purpose of Number Lab is to provide observable systems whose explanation entails
the development of elementary school arithmetic.
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Labs

Here is a list of links to the Number Lab Mathlets.

Blocks Machine

Natural Number Robot Addition

Integer Robot Addition

Commutative Law for Addition

Pulley Multiplication

Negative Pulleys

Fractional Pulleys

Associative Law for Multiplication

Commutative Law for Multiplication

Left Side Distributive Law

Right Side Distributive Law

Common Multiples

Fraction Robot Compare

Fraction Wheel

Fraction Wheel Add

Decimal Machine

Decimal Place Value

Decimal Fraction

Base Conversion

Documentation on each follows.
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Introduction

Number Labédés model of numbers is based on an anal
The primary practical purpose of numbers is to solve problems relating to systems which
change. We use numbers to:

e Describe the states of systems (counting);
¢ Predict the future states of systems under given assumptions (arithmetic);
e Control the future states of systems by modifying conditions (algebra).

We thus base a Number Lab model on some device with an observable and controllable state.

By controllable state we mean that the state of the device changes deterministically in response

to certain actions which we will represent as instructions to the device. For example, the device

might be a tower of uniform blocks. The state of the tower could be taken as the height of the

tower . An instruction to the tower could be Aput
t ower . 0

By observable state we mean that we can recognize whether or not two states of the device are

identical. For our block tower example we might compare two states by counting the blocks or

marking the height of the tower on a ruler. Most other details regarding the nature of these

states are irrelevant. (The one exception to this is in case there is a natural ordering of states,

e.g. the Aheighto of the block tower.) For examp
education of Piagetodés observations regarding the
Young children for example can sometimes be fooled into believing a quantity of candy is

increased if we break the candy into pieces or spread the pieces further apart. While these

conservation laws are important in many applications of arithmetic they cannot be a prerequisite

for arithmetic. (Arithmetic would still have validity in a universe in which quantities of candy did

increase under these transforms.) For the purposes of number lab we simply avoid potentially

inconsistent notions of state.

! The origin of the conception of number used to construct Number Lab models is probably quite old. It

can be viewed as a slightly more concrete interpretat.
Alonzo Church to represent natural numbers in the Lambda Calculus. However the conception of number

as operator is certainly much older. There is an interesting reference to the early 19" century

phil osopher HeFobndatidans of ArithrRetice §feerédemonstrating the inadequacy of the

common conceptions of number Frege adds, AThe result i
conception,even t hough Herbart has already provided a better
A6Two does not mean two things but doublingd etc. o whi

Frege does not pursue this idea further.
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As a start towards modeling the natural numbers we choose device along with a particular state

called the zero state of the device, and a particular instruction called the unit instruction for the

device. For our block stacking device the natural choice for zero state would be the state with

no blocksonthestack and the natur al choice for unit instru
stacko. We then can define a sequence of states
interpreting O as the zero state, 1 as the state resulting from executing the unit instruction

starting in the zero state, 2 as the state resulting from executing the unit instruction with the

device in the 1-state, and so on. For our block tower example the interpretation of a natural

number n would be the state in which there are n blocks on the tower. We call this kind of

interpretation of numbers a state interpretation.

How well, i.e. faithfully, completely and intuitively, does the state interpretation model the theory

of natural numbers? To some extent it depends on the device and the choice of zero state and

unit instruction. I f the sequence of states gene
the model captures the cardinality of the natural numbers. The construction itself captures what

we might call the inductive property, i.e. that any natural number can eventually be reached in a

finite number of increments. I f there is a natura
stacks of uniform blocks and the unit instruction preserves this ordering then the model also

captures the ordering of the natural numbers. When we try to extend the state model to capture

operations on numbers, e.g. addition we run into problems.

In general there is no reason that an arbitrary kind of state will have an associated binary

operation corresponding to addition. Given a device we can impose a binary operation on the

states in the associated sequence by Arelativizat
and 3 we consider a new device exactly like the current except that its zero is the 5 state of the

original device. We then take the 3 state in the new device which can view as 3 relative to 5

and then map it back to a state in the original device. While this is a useful application of

addition as a definition it seems unnatural and its properties are not intuitively apparent.

Another possibility is to restrict our models to devices and notions of state for which an

operation analogous to addition exists. For example we might take our device to be a basket
containingappl es with Aadd an apple to the basketodo as t
5 and 3 in this way we could take two such devices, put one in the 5 state and the other in the 3

state and take our sum state to be the result of combining the baskets. This model is complex

in that it requires multiple devices and restricts the interpretation of addition to special notions of

state.

A more natural and simpler approach to interpreting addition is based on interpreting numbers
as instructions rather than states. Instructions are already equipped with a natural binary
operation called sequencing. If I and J are instructions for a given state machine then we can
form a new li nsntd ubithisexetuediby first executing | and then executing J.

For example, if | = J = fAPut a thehdlc kamadi themed aon&dDructi on |
bl ock on the stack and then put a block on the st
putting 2 blocks on the stac k . We introduce a new instruction AL
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executed leaves the state of the device unchanged. We take do nothing as our interpretation of
0, the unit instruction as our interpretation of 1, and for each n take the interpretation of n+1 to
be the result of sequencing the interpretation of n with the unit instruction. There is an exact
correspondence between the instruction interpretation of the natural numbers and the state
interpretation: for each n, the n-state is the state that results from executing the n-instruction
with the device in the zero state. The relativized state interpretation of addition then follows
immediately. Note that we can map an instruction to a function on states. | maps to f,:states A
states defined by fi(s) = t where t is the result of executing | starting in state s. Under this map
sequencing becomes ordinary function composition, i.e. f; anaen s = ;0. The fact that the
conventional notation for composition reverses the standard left-to-right execution order is an
annoyance that we seem to be stuck with.

The fact that addition reduces to composition under the instruction interpretation makes the
mathematically correct choice between the state and the instruction model clear. One might
guestion however whether elementary school children have sufficient intuitions about
instructions and sequencing to make the interpretation meaningful. We give two arguments for
broaching instructions and sequencing at the elementary level. First, by the time a child has
reached school he or she will have experience with hundreds or possibly thousands of
instructions. Pick up your toys! Put on your shoes! Put on you socks! Put on your shoes and
socks! Get dressed! Wash your hands! Dry your hands! Wash up! And of course the essential
point of school is to teach the child a whole world of new instructions for accomplishing tasks.
Further the child will be familiar with combining simpler instructions to create more complex
instructions. Separate instructions for putting on articles of clothing are eventually combined
into a single fAiGet dressedd instruction.

Children even understand that in general the order in which instructions are executed matters.

A child knows for example thatyodiuPruts hoone syto uirs snooctk se
to APut on your shoes and then put on your socks.
equivalent to Adry and then wash. o From experien
It is only after ryaiammisn gd tntaathemeagiincmsi Mg al gebr a s

that all operations commute!

Children also develop intuition about how to invert sequences of instructions by successively

inverting the individual instruction in the reverse order. Forexampletoundo t he resul t of
on socks and then put on shoeso the child will fi
The second argument for developing models based on sequencing and actions is that these

concepts are fundamental in their own right independent of numbers and arithmetic. Consider

for example the importance of sequences of geometric transformations. Thus we have an

opportunity to exploit a set of intuitions, which children already have, to develop fundamental

concepts of mathematics and to make young students aware that the domain of mathematics

extends beyond arithmetic.

The interpretation of numbers as instructions has
account for the universality of numbers. The problem here is that we have no basis for
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connecting the arithmetic of one device with that of another. Why should we believe that
properties of a model based on stacking blocks should have anything to do with the properties
of some other device with its associated states? Why should the arithmetic of volumes apply to
the arithmetic of distances or even why should the theory of tablespoons have anything to do
with the theory of teaspoons? The second and more immediate problem is that the instruction
model supplies no simple natural model of multiplication.

As for addition, it is possible to extend the state or instruction model to include multiplication by
relativizati on. I n this appmx8achweicikaoewdévieau t o mo
exactly |Ii ke the device of our model except that
instruction of the original device. We then execute the 5-instruction in the new device and

interpret it as a state in the original device. Another approach that works for a device in which

the state is the cardinality of a set is to form the Cartesian product of a set of cardinality 5 and a

set of Cardinality 3. The first method is general but complex and the justification is unclear.

Thesecond is restricted to the cardinality interpr
obvious way to negative numbers or fractions. Neither approach addresses universality.

The simpler solution arises when we address the issue of universality. Instead of interpreting

numbers as the states or instructions of any particular device we consider the process by which

we associate numbers with states or instructions. That process is iteration or repeating. What

is common to the states or associated instru ct i ons f or A3 teaspoonso or 0

tablespoonso is that they are associated with an
instruction 3 times. We can obtain a common abst
particular result of this operation but as the operatoritself. Thus we i nterpret A30 a

which given any instruction produces a new instruction which is the result of repeating the given
instruction threetimes. | n pr ogrammi ng parl ance PDOch oammpooperatc

( FORTRAN) or Afor loopd (C, Java). A DO |l oop is
the body of the loop, produces a new instruction which is the result of repeating the body a

specified of times. D O | odlyooptise DO bap mhyeatselfibea Q@ e d 0 , i

|l oop. Such constructs are sometlionoepsd cnaalyl ebde fnneesstte

withi-hoap@3wi t h t hdoopvaldberepeatet thraettimds arel thé&body of the
5-loop will be executed three times five times. In mathematical terms, nesting is called
composition. Thus, like addition, multiplication reduces to composition.

Operators (functions) and compaosition are normally not introduced until algebra. One of the
goals of Number Lab is to help younger students develop intuitions about operators and
composition through simulated machines. An operator is a kind of machine that accepts input
and in response. Under this model composition is modeled by connecting the output of one
machinetot he i nput of another. Number Lab specifical
machi nes o r eg@mpmusndpullegsdA dorgpound pulley is made up of two pulleys of
different sizes welded together. In the Number Lab the size of the pulleys is a multiple of some
unit pulley which is a component of every pulley. Composition is modeled by connecting
compound pulleys via belts. The unit instruction is modeled by one clockwise turn of the unit
pulley. If we connect a pulley of size n to a unit pulley then each turn of the size n pulley will
result in n turns of the unit pulley and thus acts as a repeat n machine. By connecting
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successive pulleys we model multiplication. Inverting pulleys, i.e. switching input and output
allows us to model fractions and putting a twist in a belt converts clockwise turns to counter
clockwise turns (and vice versa) and thus gives a model of negative numbers.

Pulleys can also be used to model decimal arithmetic. We mark the successive positions of a 1
to 10 pulley with digits 0 through 9 and we have a decimal counter. We then connect several
such decimal counters to model a multi-digit decimal providing a model of place value. Inverting
such a decimal machine provides a model of decimal fractions. These decimal machines can
then be used to illustrate the standard procedures of decimal arithmetic.

Because Number Lab is addressed to young children we have stripped the interface down to
bare essentials and avoided using text in any essential. In each lab the student is presented
with a virtual device along with ways to create and use controls for the device essentially without
explanati on. The basic Aexercised for each
explain its behavior, i.e. develop a theory to account and predict how the device will behave
under given conditions. Because the interface is minimal we can allow the student to discover
the interface on his own. The interface is entirely mouse driven and children seem very good at
figuring such things out so this should not be an obstacle. Further, the interface is essentially
identical for all the labs.
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Blocks Machine
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Concepts which can be obser Wletihclidean t he fAbl ocks mac

¢ A device whose state is controlled by instructions

e Sequencing instructions as a model of addition

e Evaluation of compound instructions

e Associativity of sequencing

e Sequencing is not always commutative

e Equivalence vs. Identity and the use of number as an equivalence relation.

The blocks machine is a device whose state is a row of variously colored otherwise uniform

blocks with numerals indicating the position of each block in the row.. The state of the device is

displayed at the bottom of the screen. Above the device state is a collection of sequences of

smaller colored boxes of varying colors. These represent instructions for the device (append

the corresponding sequence of blocks to the end of the row.) The student uses the mouse to

select an instruction. When the student first selects an instruction it is displayed in the top area

of the screen and the AGo!d button in the upper r
one of two things: <click on iisthuetionfolctck anartother t on  whi ¢
button. The latter action results in a new instruction which represents the sequence of the two

instructions. For example the bottom most instructions ((2 reds followed by two greens)

followed by 2 blues) was constructed in the manner indicated by the parentheses, i.e. we
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clicked on a 2 reds instruction and then clicked on a 2 greens instruction creating the preceding
four block instruction. We then sequenced the new block with a 2 blues instruction. Note that
we attempt (not very successfully!) to indicate the grouping of the subinstructions by the amount
of the separation between the elements. Of course part of our goal is to have the students
realize that the grouping doesndt matter!

When the studentdt! ol boksoont hbeekR&cution of the
area. Below we have shown an intermediate stage in such an animation. The structure of the

instruction is indicated by a tree whose nodes
corresponding subinstruction. The currently executing path is indicated by green edges and as
the primitive (leaf) instructions are executed

primitive instructions (a one block and a two block instruction) and it is about to execute the third
primitive, a one block green.

4
\7 1
jf ;;E |
Execute:

It is hoped that the student will realize that the grouping is irrelevant and that only the left to right
ordering of the leaf instructions matters. This of course is the basis of the associative law for
addition.

As with al/l the | abs there are two additional
button is pressed the device is restored to its zero state (in this no blocks in the row). When the
ACl ear 0 button i s repteddptiseastddent dreerenovedh tThiscallows the

student to make room on the screen for new controls.

It would be useful to have some discussion in the context of this exercise about the general
nature of actions and sequencing. Two particularly important topics in such a discussion are
whether or not order matters, e.g. it does matter when putting on shoes and socks but not when

t

n

n

h

but

just putting on socks, and how complex instruct.i
from simpler 1TinebhrywocturosboeéPand socks! 0, whi ch
seqguencing from still simpler instructions, APut
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Natural Number Robot Addition
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All instructions for this device can be generated from the zero instruction, represented by a

button wit h anitifistuctiororepeesedtedtbyhaebutton with a single right arrow. As

in the Blocks Applet example the student can create new buttons by sequencing existing

buttons and execute the instruction associated with a given button. Also as in the Blocks Applet

the execution is animated using an instruction tree. In addition for this applet the leaf actions

are indicated by means of labeled arrows which are in effect 1-dimensional vectors. The

original position of the robot prior to execution
vectorf r om t he ghost showsthemet result of theandtructianb o t

Some new concepts illustrated by this applet include:

e The commutative property of sequencing when all instructions are zero or sequences of
a common unit instruction.

e The interpretation of numbers as position and displacement.

¢ The representation of displacement by arrows of varying length (vectors).
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Integer Robot Addition
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The new el ement in this Il ab is the inclusion of
negative states. The lab also includes a zero instruction. The student can create instructions

which drive the robot in either direction and see the net result. Thus the lab is a model of

(positive and negative) integer addition.

Copyright © 2010 by Dave Posner, All Rights Reserved.


http://www.daveposner.com/numberlab/RobotAdditionNApplet.htm

Commutative Law for Addition
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In this lab the student observes the commutative law of integer addition. Whenever an
instruction is executed by one device the corresponding instruction with terms reversed is
executed by the other. The student should observe that the results are the same and try to
explain why.
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Pulley Multiplication
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In this mathlet we introduce the student to a model of multiplication based on compound pulleys.

Each compound pul |l ey has unisize.fiTheiirmer pulley isweldeddaoy of a f
an outer pulley whose radius is an integer multiple ranging from 1 to 10 of the inner pulley.

Belts are used to connect the pulleys to one another and to a crank (the unit pulley with six arms
sticking out) and to a Whehdompoundpuleysare domngcted, he @ d
one of the two el ement pulleys is used for #fin
example our pulleys represent integers so that the inner pulley is used as input and the outer

pulley as output. The result is that the number of unit turns out will be an integer ratio of the

number of turns in where the ratio is the ratio of the outer to the inner pulley. The notationfin: 1 0
whose meaning the students should discover means that 1 turn in results in n turns out. The

belts are indicated by broken lines which appear to move as the pulleys rotate. The breaks are

1 unit of circumference apart to help the student understand the behavior of the pulleys. Of

course it would be extremely helpful if students could have experience with real pulleys to

validate the model.

evi
put
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Our state device is again a robot moving on a line. In this case we see that the robot is
operated by a fvery longoclothes line so that turning the pulley at the end of the line moves the
robot forwards or backwards depending on whether the pulley is turned to the right or the left.
The scale is chosen so that one turn of the clothes line pulley moves the robot one scale unit

along the highway. (The highway wunit is actual

bunch up and the clothes line pulleys are scaled accordingly, i.e. twice the radius of the unit
pulley.)

When the mathlet is started the crank is connected directly to the robot device. The crank can
be turned using the mouse wheel, down turning to the right, up turning to the left. The crank
can also be turning pressing or holding down the arrow keys. The student should observe that
in the initial configuration one turn of the crank results in moving the robot one unit either to the
right or the left depending on the direction the crank is turned. When one of the pulleys at the
top is clicked a copy is inserted between the crank and the device. The student should then
observe that one turn of the crank now results in multiple turns of the device. Clicking on a
pulley again will connect a copy of the second pulley to the first pulley between the crank and
the device. The student should observe that each turn of the first pulley now results in multiple
turns of the robot pulley corresponding to the ratio of the second pulley. Thus the compound
pulleys are almost perfect models of numbers as repeat operators and connecting pulleys is a
perfect model of composition of operators.> The students should discover that the result of
compounding is to create a repeat device whose repeat count is the result of multiplying the
repeat counts of the components. More pulleys can be connected up to some limit imposed by
the applet screen dimensions (which are fixed by the applet.)

% The pulleys actually differ from the repeat operator somewhat in that they operate continuously rather
than waiting for the entire input to arrive. In this sense they operate as a kind of proof of the distributive
law.
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Negative Pulleys
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In this mathlet we show the representation of negative numbers as pulleys in which the input
belt is twisted so that the result is not only to multiply the number of input turns by a repeat
count but also to reverse the direction of the turns, thus turning forward turns into backward
turns and vv. The fact that a pulley is negative is indicated by using a different color for the
outer pulley. The primary goal of this applet is to have student discover the multiplicative
properties of positive and negative numbers.
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Fractional Pulleys

/2 C:\Documents and Settings', Administrator’,Desktop’NumberLab',PulleyRApplet.htm - Windows Internet Explorer o =] |
ey I@ Ci\Documents and SettingstAdministrabor DeskiopiMumberLabi PulleyRapplet, htm j 2| X% IGoogIe R~
L] - »
o ok (& :\Documents and Settings'l,.ﬁ.dministrator'l,Desktop'l,Nu...| | J 0 v B - o= - |5k Page v () Todls -
af

« | Bl
This mathlet introduces a pulley model of fractions. We turn an n:1 pulley into a 1:n by using
the outer wheel as input and the inner wheel as input. We indicate these fractional pulleys by
reversing the inner and outer wheel colors. Rather than doubling the number of primitive
pulleys in order to include negative numbers we include a single -1:1 pulley which when
connected will convert a positive pulley to a negative pulley. When fractional pulleys are used
the scale is automatically modified to include relevant fractions. In this unit the student can
observe the properties of fractions under multiplication. In particular they should observer that
the result of connecting an n:1 and a 1:n pulley is equivalent to the unit pulley, that when a 1:m
and a 1: n pulley are connected the result is a 1:m*n pulley. They may also observe the

behavior when an m:1 and a 1:p*m are connected and when a p*m:1 and a 1:g*m pulley are
connected.

Copyright © 2010 by Dave Posner, All Rights Reserved.


http://www.daveposner.com/numberlab/PulleyRApplet.htm

Associative Law for Multiplication
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The primary purpose of this mathlet is to show that multiplication is associative. We use
backings and labels to indicate the grouping. As the student constructs one assembly of pulleys
using grouping on the left, another assembly is automatically created which groups to the right.
Thus in the example on the screen the top assembly represents ((8 x 3) x 5) = (24 x 5) = 120
and the bottom assembly represents (8 x (5 x 3)) = (8 x 15) = 120. We hope that the student
will observe that the backings are irrelevant to the behavior of the assemblies. The pulleys are
unaware of their context and so from the point of view of the pulleys the two assemblies are
identical: an 8:1 pulley is connected to a 3:1 pulley which is connected to a 5:1 pulley and the
behavior will be the same whether we draw colored boxes around them or not.
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Commutative Law for Multiplication
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This applet illustrates the commutative law for multiplication. In this case as the student
constructs one assembly another assembly in which the order of the elements is reversed is
created. The commutative law seems like more of a mystery than the associative law. One
thing that may help students to understand why this should be true is to choose examples
where one component is a multiple of the other. For example in the example of the screen the
two components are 5 and 10. As we turn the crank and we can watch the relative positions of
the two sets of pulleys. The first pulleys in each pair will track with the crank. But the first pulley
in the second pair will transmit the turns at twice the ratio and so the second pulley of the
second set will rotate twice as fast as the second pulley in the first set. But the second pulley in
the first set will be transmitting twice the turns that the second pulley in the second set transmits
and so there will be an exact compensation.
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Left Side Distributive Law
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This mathlet illustrates one half of the distributive law, i.e.,ax (b + ¢c) = (ax b + a x ¢). For this
purpose wedve introduced a fAmagi cal addi toon mach
i nputs and one output. We should admitouwg front

pulleys (and even ask them why.) In this case all we are asked to believe for such a device is
that common inputs produce common outputs. The left sided version of the distributive law is
easy as it says that you can either multiply the input turns before they get to a split or after.
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Right Side Distributive Law
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This mathlet illustrates the right sided form of the distributive law, i.e. (a + b) xc=(ax c + b x ¢).
Of course this follows from the easy to see left sided distributive law and the hard to see
commutative law but in fact the right sided form of the distributive law is necessary to proving
the commutative law and so its worth presenting in its own right. Considering simple cases
helps. For example if we take a = b then we have (a+a) xc=(2xa) xc =2 x (a x ¢) by the
associative law
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Common Multiples
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This is a special purpose applet designed to introduce the concept of common multiples. It
requires more direction from the instructor (and consequently is probably less effective.) The
idea is to take two fractions of the form 1/m and 1/n and run them in parallel with separate
robots. The goal is to see how many turns are required before the two robots simultaneously
land on a whole number > 0. The scale indicates when a robot reaches a whole number the
corresponding number on the scale changes to a larger red font. This of course is in
preparation for addition of fractions. In the example on the screen using 1/6 and 1/9 we see that
the two robots land on a whole number after 18 input turns (18 being the least common multiple
of 6 and 9.) We can also see that the 18 turns of input resulted in 2 turns of output for the 1:9
machine and 3 turns of output for the 1:6 pulley. Thus the sum of the 1:6 and the 1:9 pulleys is
a 5:18 pulley (18 turns in resulted in 5 turns out.) We can also continue the experiment to see
where the next time the two robots land simultaneously on a whole square which will be after 36
turns thus we can also describe the result as a 10:36 operator and so on.
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Fraction Wheel

In this | ab we use a special shading pulley as ou
ifraction wheel 06 and i lalfracdoh asa prepertioh. Tee studenten pr et at i
connect a second pulley thus allowing fractions of the form 1/(m x n) where m and n range from

1 to 12. The scale on the fraction wheel is adjusted accordingly. For fractions less than 1/12

the label only appears when the angle lies within the range of that label. When the wheel

rotates completely the shading is removed and the turn counter at the top is incrementally thus

giving a representation of f@Amixedd numbers.
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