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Number LabÊ 

 Interactive models of numbers and arithmetic 
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Dave Posner (dposner@sbcglobal.net) 

Abstract  
Number Lab is a collection of virtual laboratories for experimenting with systems that model 

numbers and arithmetic.  The motivating idea behind Number Lab is to introduce elementary 

school mathematics as a science, i.e. a theory developed to explain observable phenomena.  

Thus the purpose of Number Lab is to provide observable systems whose explanation entails 

the development of elementary school arithmetic. 
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Labs 
 

Here is a list of links to the Number Lab Mathlets.  Documentation on each follows. 

Blocks Machine 

Natural Number Robot Addition 

Integer Robot Addition 

Commutative Law for Addition 

Pulley Multiplication 

Negative Pulleys 

Fractional Pulleys 

Associative Law for Multiplication 

Commutative Law for Multiplication 

Left Side Distributive Law 

Right Side Distributive Law 

Common Multiples  

Fraction Robot Compare 

Fraction Wheel 

Fraction Wheel Add 

Decimal Machine 

Decimal Place Value 

Decimal Fraction 

Base Conversion 

http://www.daveposner.com/numberlab/BlocksApplet.htm
http://www.daveposner.com/numberlab/RobotAddition1Applet.htm
http://www.daveposner.com/numberlab/RobotAdditionNApplet.htm
http://www.daveposner.com/numberlab/CommuteAdditionApplet.htm
http://www.daveposner.com/numberlab/PulleyApplet.htm
http://www.daveposner.com/numberlab/PulleyNApplet.htm
http://www.daveposner.com/numberlab/PulleyRApplet.htm
http://www.daveposner.com/numberlab/GroupingApplet.htm
http://www.daveposner.com/numberlab/CommuteApplet.htm
http://www.daveposner.com/numberlab/Distributive1Applet.htm
http://www.daveposner.com/numberlab/Distributive2Applet.htm
http://www.daveposner.com/numberlab/CommonMultipleApplet.htm
http://www.daveposner.com/numberlab/RaceApplet.htm
http://www.daveposner.com/numberlab/FractionWheelApplet1.htm
http://www.daveposner.com/numberlab/FractionWheelApplet2.htm
http://www.daveposner.com/numberlab/IDecimalApplet1.htm
http://www.daveposner.com/numberlab/IDecimalApplet2.htm
http://www.daveposner.com/numberlab/DecimalFractionApplet.htm
http://www.daveposner.com/numberlab/BaseApplet.htm
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Introduction  

Constructing models of arithmetic1 
Number Labôs model of numbers is based on an analysis of how we use numbers in practice.  

The primary practical purpose of numbers is to solve problems relating to systems which 

change.  We use numbers to: 

 Describe the states of systems (counting); 

 Predict the future states of systems under given assumptions (arithmetic); 

 Control the future states of systems by modifying conditions (algebra). 

 

Numbers as States 

We thus base a Number Lab model on some device with an observable and controllable state.  

By controllable state we mean that the state of the device changes deterministically in response 

to certain actions which we will represent as instructions to the device.  For example, the device 

might be a tower of uniform blocks.  The state of the tower could be taken as the height of the 

tower.  An instruction to the tower could be ñput a block on the towerò or ñtake a block off of the 

tower.ò     

By observable state we mean that we can recognize whether or not two states of the device are 

identical.  For our block tower example we might compare two states by counting the blocks or 

marking the height of the tower on a ruler.  Most other details regarding the nature of these 

states are irrelevant.  (The one exception to this is in case there is a natural ordering of states, 

e.g. the ñheightò of the block tower.)  For example, much is made in the context of math 

education of Piagetôs observations regarding the development of ñconservation lawsò in children.  

Young children for example can sometimes be fooled into believing a quantity of candy is 

increased if we break the candy into pieces or spread the pieces further apart.  While these 

conservation laws are important in many applications of arithmetic they cannot be a prerequisite 

for arithmetic.  (Arithmetic would still have validity in a universe in which quantities of candy did 

increase under these transforms.)   For the purposes of number lab we simply avoid potentially 

inconsistent notions of state. 

                                                
1
 The origin of the conception of number used to construct Number Lab models is probably quite old.  It 
can be viewed as a slightly more concrete interpretation of ñChurchôs Numeralsò, i.e. the method used by 
Alonzo Church to represent natural numbers in the Lambda Calculus.  However the conception of number 
as operator is certainly much older.  There is an interesting reference to  the early 19

th
 century 

philosopher Herbart in Fregeôs Foundations of Arithmetic.  After demonstrating the inadequacy of the 
common conceptions of number Frege adds, ñThe result is that we remain content with a crude 
conception, even though Herbart has already provided a better one.ò  The footnote includes the quote 
ñóTwo does not mean two things but doublingô etc.ò which seems to capture the essential idea.  Strangely, 
Frege does not pursue this idea further. 
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As a start towards modeling the natural numbers we choose device along with a particular state 

called the zero state of the device, and a particular instruction called the unit instruction for the 

device.  For our block stacking device the natural choice for zero state would be the state with 

no blocks on the stack and the natural choice for unit instruction would be ñput a block on the 

stackò.  We then can define a sequence of states as a potential model of the natural numbers by 

interpreting 0 as the zero state, 1 as the state resulting from executing the unit instruction 

starting in the zero state, 2 as the state resulting from executing the unit instruction with the 

device in the 1-state, and so on.  For our block tower example the interpretation of a natural 

number n would be the state in which there are n blocks on the tower.  We call this kind of 

interpretation of numbers a state interpretation. 

How well, i.e. faithfully, completely and intuitively, does the state interpretation model the theory 

of natural numbers? To some extent it depends on the device and the choice of zero state and 

unit instruction.  If the sequence of states generated by the unit instruction doesnôt repeat, then 

the model captures the cardinality of the natural numbers.  The construction itself captures what 

we might call the inductive property, i.e. that any natural number can eventually be reached in a 

finite number of increments. If there is a natural ordering of states like the ñheightò ordering of 

stacks of uniform blocks and the unit instruction preserves this ordering then the model also 

captures the ordering of the natural numbers.  When we try to extend the state model to capture 

operations on numbers, e.g. addition we run into problems. 

In general there is no reason that an arbitrary kind of state will have an associated binary 

operation corresponding to addition.  Given a device we can impose a binary operation on the 

states in the associated sequence by ñrelativizationò.  For example, to model the addition of 5 

and 3 we consider a new device exactly like the current except that its zero is the 5 state of the 

original device.  We then take the 3 state in the new device which can view as 3 relative to 5 

and then map it back to a state in the original device.  While this is a useful application of 

addition as a definition it seems unnatural and its properties are not intuitively apparent.   

Another possibility is to restrict our models to devices and notions of state for which an 

operation analogous to addition exists.  For example we might take our device to be a basket 

containing apples with ñadd an apple to the basketò as the unit instruction.  To model the sum of 

5 and 3 in this way we could take two such devices, put one in the 5 state and the other in the 3 

state and take our sum state to be the result of combining the baskets.  This model is complex 

in that it requires multiple devices and restricts the interpretation of addition to special notions of 

state. 

Numbers as Instructions   

A more natural and simpler approach to interpreting addition is based on interpreting numbers 

as instructions rather than states.  Instructions are already equipped with a natural binary 

operation called sequencing.  If I and J are instructions for a given state machine then we can 

form a new instruction: ñI and then Jò which is executed by first executing I and then executing J.  

For example, if I = J = ñPut a block on the stackò then ñI and then Jò is the instruction ñPut a 

block on the stack and then put a block on the stackò which of course is equivalent in its effect to 

putting 2 blocks on the stack.  We introduce a new instruction ñDo Nothingò which when 
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executed leaves the state of the device unchanged.  We take do nothing as our interpretation of 

0, the unit instruction as our interpretation of 1, and for each n take the interpretation of n+1 to 

be the result of sequencing the interpretation of n with the unit instruction.  There is an exact 

correspondence between the instruction interpretation of the natural numbers and the state 

interpretation: for each n, the n-state is the state that results from executing the  n-instruction 

with the device in the zero state.  The relativized state interpretation of addition then follows 

immediately.  Note that we can map an instruction to a function on states.  I maps to fI :states Ą 

states defined by fI(s) = t where t is the result of executing I starting in state s.  Under this map 

sequencing becomes ordinary function composition, i.e. fI and then J = fJǓfI.  The fact that the 

conventional notation for composition reverses the standard left-to-right execution order is an 

annoyance that we seem to be stuck with.   

The fact that addition reduces to composition under the instruction interpretation makes the 

mathematically correct choice between the state and the instruction model clear.  One might 

question however whether elementary school children have sufficient intuitions about 

instructions and sequencing to make the interpretation meaningful.  We give two arguments for 

broaching instructions and sequencing at the elementary level.  First, by the time a child has 

reached school he or she will have experience with hundreds or possibly thousands of 

instructions.  Pick up your toys! Put on your shoes! Put on you socks! Put on your shoes and 

socks! Get dressed!  Wash your hands! Dry your hands! Wash up!  And of course the essential 

point of school is to teach the child a whole world of new instructions for accomplishing tasks.  

Further the child will be familiar with combining simpler instructions to create more complex 

instructions.  Separate instructions for putting on articles of clothing are eventually combined 

into a single ñGet dressedò instruction.   

Children even understand that in general the order in which instructions are executed matters.  

A child knows for example that ñPut on your socks and then put on your shoesò is not equivalent 

to ñPut on your shoes and then put on your socks.ò  Similarly, ñwash and then dryò is not 

equivalent to ñdry and then wash.ò  From experience we learn that order almost always matters.  

It is only after years of mathematics ñtrainingò that beginning algebra students come to believe 

that all operations commute! 

Children also develop intuition about how to invert sequences of instructions by successively 

inverting the individual instruction in the reverse order.  For example to undo the result of ñPut 

on socks and then put on shoesò the child will first take off his shoes and then take off his socks.  

The second argument for developing models based on sequencing and actions is that these 

concepts are fundamental in their own right independent of numbers and arithmetic.  Consider 

for example the importance of sequences of geometric transformations.  Thus we have an 

opportunity to exploit a set of intuitions, which children already have, to develop fundamental  

concepts of mathematics and to make young students aware that the domain of mathematics 

extends beyond arithmetic. 

Numbers as Operators on Instructions 

The interpretation of numbers as instructions has at least two defects.  One is that it doesnôt 

account for the universality of numbers.  The problem here is that we have no basis for 
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connecting the arithmetic of one device with that of another.  Why should we believe that 

properties of a model based on stacking blocks should have anything to do with the properties 

of some other device with its associated states?  Why should the arithmetic of volumes apply to 

the arithmetic of distances or even why should the theory of tablespoons have anything to do 

with the theory of teaspoons?  The second and more immediate problem is that the instruction 

model supplies no simple natural model of multiplication. 

As for addition, it is possible to extend the state or instruction model to include multiplication by 

relativization.  In this approach, in order to model the product ñ5 × 3ò, we construct a new device 

exactly like the device of our model except that the ñunit instructionò of the new device is the 3-

instruction of the original device.  We then execute the 5-instruction in the new device and 

interpret it as a state in the original device.  Another approach that works for a device in which 

the state is the cardinality of a set is to form the Cartesian product of a set of cardinality 5 and a 

set of Cardinality 3.  The first method is general but complex and the justification is unclear.  

The second is restricted to the cardinality interpretation of numbers and doesnôt extend in any 

obvious way to negative numbers or fractions.  Neither approach addresses universality. 

The simpler solution arises when we address the issue of universality.  Instead of interpreting 

numbers as the states or instructions of any particular device we consider the process by which 

we associate numbers with states or instructions.  That process is iteration or repeating.  What 

is common to the states or associated instructions for ñ3 teaspoonsò or ñ3 blocksò or ñ3 

tablespoonsò is that they are associated with an instruction constructed by repeating a unit 

instruction 3 times.  We can obtain a common abstraction then by interpreting ñ3ò not as any 

particular result of this operation but as the operator itself.  Thus we interpret ñ3ò as an operator 

which given any instruction produces a new instruction which is the result of repeating the given 

instruction three times.  In programming parlance such an operator is called a ñDO loopò 

(FORTRAN) or ñfor loopò (C, Java).  A DO loop is an operator which given an instruction, called 

the body of the loop, produces a new instruction which is the result of repeating the body a 

specified of times.  DO loops can be ñnestedò, i.e., the body of the DO loop may itself be a DO 

loop.  Such constructs are sometimes called ñnested loopsò.  Thus a ñ5-loopò may be nested 

within a ñ3-loopò with the result that the 5-loop will be repeated three times and the body of the 

5-loop will be executed three times five times.   In mathematical terms, nesting is called 

composition.  Thus, like addition, multiplication reduces to composition. 

Operators (functions) and composition are normally not introduced until algebra.  One of the 

goals of Number Lab is to help younger students develop intuitions about operators and 

composition through simulated machines.  An operator is a kind of machine that accepts input 

and in response.   Under this model composition is modeled by connecting the output of one 

machine to the input of another.  Number Lab specifically models numbers as ñrepeat 

machinesò represented by compound pulleys.  A compound pulley is made up of two pulleys of 

different sizes welded together.  In the Number Lab the size of the pulleys is a multiple of some 

unit pulley which is a component of every pulley.  Composition is modeled by connecting 

compound pulleys via belts.  The unit instruction is modeled by one clockwise turn of the unit 

pulley.  If we connect a pulley of size n to a unit pulley then each turn of the size n pulley will 

result in n turns of the unit pulley and thus acts as a repeat n machine.  By connecting 
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successive pulleys we model multiplication.  Inverting pulleys, i.e. switching input and output 

allows us to model fractions and putting a twist in a belt converts clockwise turns to counter 

clockwise turns (and vice versa) and thus gives a model of negative numbers. 

Pulleys can also be used to model decimal arithmetic.  We mark the successive positions of a 1 

to 10 pulley with digits 0 through 9 and we have a decimal counter.  We then connect several 

such decimal counters to model a multi-digit decimal providing a model of place value.  Inverting 

such a decimal machine provides a model of decimal fractions.  These decimal machines can 

then be used to illustrate the standard procedures of decimal arithmetic. 

Number Lab Format 

Because Number Lab is addressed to young children we have stripped the interface down to 

bare essentials and avoided using text in any essential.  In each lab the student is presented 

with a virtual device along with ways to create and use controls for the device essentially without 

explanation.  The basic ñexerciseò for each lab is to figure out what the device can do and 

explain its behavior, i.e. develop a theory to account and predict how the device will behave 

under given conditions.  Because the interface is minimal we can allow the student to discover 

the interface on his own.  The interface is entirely mouse driven and children seem very good at 

figuring such things out so this should not be an obstacle.  Further, the interface is essentially 

identical for all the labs.  
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Blocks Machine 

 
Concepts which can be observed in the ñblocks machineò mathlet include: 

 A device whose state is controlled by instructions 

 Sequencing instructions as a model of addition 

 Evaluation of compound instructions 

 Associativity of sequencing 

 Sequencing is not always commutative 

 Equivalence vs. Identity and the use of number as an equivalence relation. 

The blocks machine is a device whose state is a row of variously colored otherwise uniform 
blocks with numerals indicating the position of each block in the row..  The state of the device is 
displayed at the bottom of the screen.  Above the device state is a collection of sequences of 
smaller colored boxes of varying colors.  These represent instructions for the device (append 
the corresponding sequence of blocks to the end of the row.)   The student uses the mouse to 
select an instruction.  When the student first selects an instruction it is displayed in the top area 
of the screen and the ñGo!ò button in the upper right corner is enabled.  The student can then do 
one of two things: click on the ñGo!ò button which actuates the instruction or click on another 
button.  The latter action results in a new instruction which represents the sequence of the two 
instructions.  For example the bottom most instructions ((2 reds followed by two greens) 
followed by 2 blues) was constructed in the manner indicated by the parentheses, i.e. we 

http://www.daveposner.com/numberlab/BlocksApplet.htm
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clicked on a 2 reds instruction and then clicked on a 2 greens instruction creating the preceding 
four block instruction.  We then sequenced the new block with a 2 blues instruction.  Note that 
we attempt (not very successfully!) to indicate the grouping of the subinstructions by the amount 
of the separation between the elements.  Of course part of our goal is to have the students 
realize that the grouping doesnôt matter! 
 
When the student clicks on the ñGo!ò button the execution of the instruction is shown in the top 
area.  Below we have shown  an intermediate stage in such an animation.   The structure of the 
instruction is indicated by a tree whose nodes indicate the ñweightò in blocks of the 
corresponding subinstruction.  The currently executing path is indicated by green edges and as 
the primitive (leaf) instructions are executed they are ñwhitedò out.  In the example the first two 
primitive instructions (a one block and a two block instruction) and it is about to execute the third 
primitive, a one block green. 

It is hoped that the student will realize that the grouping is irrelevant and that only the left to right 
ordering of the leaf instructions matters.  This of course is the basis of the associative law for 
addition. 
 
As with all the labs there are two additional buttons: ñResetò and ñClearò.  When the ñResetò 
button is pressed the device is restored to its zero state (in this no blocks in the row).  When the 
ñClearò button is pressed the controls created by the student are removed.  This allows the 
student to make room on the screen for new controls. 
 
It would be useful to have some discussion in the context of this exercise about the general 
nature of actions and sequencing.  Two particularly important topics in such a discussion are 
whether or not order matters, e.g. it does matter when putting on shoes and socks but not when 
just putting on socks,  and how complex instructions, ñGet dressed!ò, are built by sequencing 
from simpler instructions, ñPut on your shoes and socks!ò, which in turn may be built by 
sequencing from still simpler instructions, ñPut on your socks!ò 
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Natural Number Robot Addition 

 

All instructions for this device can be generated from the zero instruction, represented by a 

button with a ñdotò and the unit instruction represented by a button with a single right arrow.  As 

in the Blocks Applet example the student can create new buttons by sequencing existing 

buttons and execute the instruction associated with a given button.  Also as in the Blocks Applet 

the execution is animated using an instruction tree.  In addition for this applet the leaf actions 

are indicated by means of labeled arrows which are in effect 1-dimensional vectors.  The 

original position of the robot prior to execution is indicated by a ñghostò robot and a single bold 

vector from the ghost to the ñliveò robot shows the net result of the instruction. 

Some new concepts illustrated by this applet include: 

 The commutative property of sequencing when all instructions are zero or sequences of 

a common unit instruction. 

 The interpretation of numbers as position and displacement. 

 The representation of displacement by arrows of varying length (vectors). 

http://www.daveposner.com/numberlab/RobotAddition1Applet.htm
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Integer Robot Addition 

 
 
The new element in this lab is the inclusion of ñnegative instructionsò along with corresponding 
negative states.  The lab also includes a zero instruction.  The student can create instructions 
which drive the robot in either direction and see the net result.  Thus the lab is a model of 
(positive and negative) integer addition. 

http://www.daveposner.com/numberlab/RobotAdditionNApplet.htm
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Commutative Law for Addition 

 
 
In this lab the student observes the commutative law of integer addition.  Whenever an 
instruction is executed by one device the corresponding instruction with terms reversed is 
executed by the other.  The student should observe that the results are the same and try to 
explain why. 

http://www.daveposner.com/numberlab/CommuteAdditionApplet.htm
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Pulley Multiplication 

 
 
In this mathlet we introduce the student to a model of multiplication based on compound pulleys.  
Each compound pulley has an ñinnerò pulley of a fixed unit size.  The inner pulley is welded to 
an outer pulley whose radius is an integer multiple ranging from 1 to 10 of the inner pulley.  
Belts are used to connect the pulleys to one another and to a crank (the unit pulley with six arms 
sticking out) and to a pulley operating the ñdevice.ò  When compound pulleys are connected, 
one of the two element pulleys is used for ñinputò and the other is used for output.  In this 
example our pulleys represent integers so that the inner pulley is used as input and the outer 
pulley as output.  The result is that the number of unit turns out will be an integer ratio of the 
number of turns in where the ratio is the ratio of the outer to the inner pulley.  The notation ñn:1ò 
whose meaning the students should discover means that 1 turn in results in n turns out.  The 
belts are indicated by broken lines which appear to move as the pulleys rotate.  The breaks are 
1 unit of circumference apart to help the student understand the behavior of the pulleys.  Of 
course it would be extremely helpful if students could have experience with real pulleys to 
validate the model. 
 

http://www.daveposner.com/numberlab/PulleyApplet.htm
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Our state device is again a robot moving on a line.  In this case we see that the robot is 
operated by a ñvery longò clothes line so that turning the pulley at the end of the line moves the 
robot forwards or backwards depending on whether the pulley is turned to the right or the left.  
The scale is chosen so that one turn of the clothes line pulley moves the robot one scale unit 
along the highway.  (The highway unit is actually twice the pulley unit so that the labels donôt 
bunch up and the clothes line pulleys are scaled accordingly, i.e. twice the radius of the unit 
pulley.)   
 
When the mathlet is started the crank is connected directly to the robot device.  The crank can 
be turned using the mouse wheel, down turning to the right, up turning to the left.  The crank 
can also be turning pressing or holding down the arrow keys.  The student should observe that 
in the initial configuration one turn of the crank results in moving the robot one unit either to the 
right or the left depending on the direction the crank is turned.  When one of the pulleys at the 
top is clicked a copy is inserted between the crank and the device.  The student should then 
observe that one turn of the crank now results in multiple turns of the device.  Clicking on a 
pulley again will connect a copy of the second pulley to the first pulley between the crank and 
the device.  The student should observe that each turn of the first pulley now results in multiple 
turns of the robot pulley corresponding to the ratio of the second pulley.  Thus the compound 
pulleys are almost perfect models of numbers as repeat operators and connecting pulleys is a 
perfect model of composition of operators.2  The students should discover that the result of 
compounding is to create a repeat device whose repeat count is the result of multiplying the 
repeat counts of the components.  More pulleys can be connected up to some limit imposed by 
the applet screen dimensions (which are fixed by the applet.) 

                                                
2
 The pulleys actually differ from the repeat operator somewhat in that they operate continuously rather 

than waiting for the entire input to arrive.  In this sense they operate as a kind of proof of the distributive 
law. 
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Negative Pulleys 

 
 
In this mathlet we show the representation of negative numbers as pulleys in which the input 
belt is twisted so that the result is not only to multiply the number of input turns by a repeat 
count but also to reverse the direction of the turns, thus turning forward turns into backward 
turns and vv.  The fact that a pulley is negative is indicated by using a different color for the 
outer pulley.  The primary goal of this applet is to have student discover the multiplicative 
properties of positive and negative numbers.

http://www.daveposner.com/numberlab/PulleyNApplet.htm
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Fractional Pulleys 

This mathlet introduces a pulley model of fractions.  We turn an n:1 pulley into a 1:n by using 
the outer wheel as input and the inner wheel as input.  We indicate these fractional pulleys by 
reversing the inner and outer wheel colors.  Rather than doubling the number of primitive 
pulleys in order to include negative numbers we include a single -1:1 pulley which when 
connected will convert a positive pulley to a negative pulley.  When fractional pulleys are used 
the scale is automatically modified to include relevant fractions.  In this unit the student can 
observe the properties of fractions under multiplication.  In particular they should observer that 
the result of connecting an n:1 and a 1:n pulley is equivalent to the unit pulley, that when a 1:m 
and a 1: n pulley are connected the result is a 1:m*n pulley.  They may also observe the 
behavior when an m:1 and a 1:p*m are connected and when a p*m:1 and a 1:q*m  pulley are 
connected. 

http://www.daveposner.com/numberlab/PulleyRApplet.htm
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Associative Law for Multiplication 

The primary purpose of this mathlet is to show that multiplication is associative.  We use 
backings and labels to indicate the grouping.  As the student constructs one assembly of pulleys 
using grouping on the left, another assembly is automatically created which groups to the right.  
Thus in the example on the screen the top assembly represents ((8 x 3) x 5) = (24 x 5) = 120 
and the bottom assembly represents (8 x (5 x 3)) = (8 x 15) = 120.  We hope that the student 
will observe that the backings are irrelevant to the behavior of the assemblies.  The pulleys are 
unaware of their context and so from the point of view of the pulleys the two assemblies are 
identical: an 8:1 pulley is connected to a 3:1 pulley which is connected to a 5:1 pulley and the 
behavior will be the same whether we draw colored boxes around them or not. 
 

http://www.daveposner.com/numberlab/GroupingApplet.htm
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Commutative Law for Multiplication 

 
 
This applet illustrates the commutative law for multiplication.  In this case as the student 
constructs one assembly another assembly in which the order of the elements is reversed is 
created.  The commutative law seems like more of a mystery than the associative law.  One 
thing that may help students to understand why this should be true is to choose examples 
where one component is a multiple of the other.  For example in the example of the screen the 
two components are 5 and 10.  As we turn the crank and we can watch the relative positions of 
the two sets of pulleys.  The first pulleys in each pair will track with the crank.  But the first pulley 
in the second pair will transmit the turns at twice the ratio and so the second pulley of the 
second set will rotate twice as fast as the second pulley in the first set.  But the second pulley in 
the first set will be transmitting twice the turns that the second pulley in the second set transmits 
and so there will be an exact compensation.  

http://www.daveposner.com/numberlab/CommuteApplet.htm
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Left Side Distributive Law 

 
 
This mathlet illustrates one half of the distributive law, i.e., a x (b + c) = (a x b + a x c).  For this 
purpose weôve introduced a ñmagical addition machineò in the form of a black triangle with two 
inputs and one output.  We should admit up front that such a device canôt be built purely out of 
pulleys (and even ask them why.)  In this case all we are asked to believe for such a device is 
that common inputs produce common outputs.  The left sided version of the distributive law is 
easy as it says that you can either multiply the input turns before they get to a split or after.  

http://www.daveposner.com/numberlab/Distributive1Applet.htm
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Right Side Distributive Law 

 
 
This mathlet illustrates the right sided form of the distributive law, i.e. (a + b) x c = (a x c + b x c).  
Of course this follows from the easy to see left sided distributive law and the hard to see 
commutative law but in fact the right sided form of the distributive law is necessary to proving 
the commutative law and so its worth presenting in its own right.  Considering simple cases 
helps.  For example if we take a = b then we have (a + a) x c = (2x a) x c = 2 x (a x c) by the 
associative law

http://www.daveposner.com/numberlab/Distributive2Applet.htm
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Common Multiples  

This is a special purpose applet designed to introduce the concept of common multiples.  It 
requires more direction from the instructor (and consequently is probably less effective.)  The 
idea is to take two fractions of the form 1/m and 1/n and run them in parallel with separate 
robots.  The goal is to see how many turns are required before the two robots simultaneously 
land on a whole number > 0.  The scale indicates when a robot reaches a whole number the 
corresponding number on the scale changes to a larger red font.  This of course is in 
preparation for addition of fractions.  In the example on the screen using 1/6 and 1/9 we see that 
the two robots land on a whole number after 18 input turns (18 being the least common multiple 
of 6 and 9.)  We can also see that the 18 turns of input resulted in 2 turns of output for the 1:9 
machine and 3 turns of output for the 1:6 pulley.  Thus the sum of the 1:6 and the 1:9 pulleys is 
a 5:18 pulley (18 turns in resulted in 5 turns out.)  We can also continue the experiment to see 
where the next time the two robots land simultaneously on a whole square which will be after 36 
turns thus we can also describe the result as a 10:36 operator and so on.

http://www.daveposner.com/numberlab/CommonMultipleApplet.htm
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Fraction Wheel 

 
 
In this lab we use a special shading pulley as our ñstateò machine.  This is commonly called a 
ñfraction wheelò and illustrates the interpretation of a fraction as a proportion.  The student can 
connect a second pulley thus allowing fractions of the form 1/(m x n) where m and n range from 
1 to 12.  The scale on the fraction wheel is adjusted accordingly.  For fractions less than 1/12 
the label only appears when the angle lies within the range of that label.  When the wheel 
rotates completely the shading is removed and the turn counter at the top is incrementally thus 
giving a representation of ñmixedò numbers. 
 
 

http://www.daveposner.com/numberlab/FractionWheelApplet1.htm

